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ABSTRACT 

The numerical solution of stagnation point flow of MHD Williamson nanofluid with the effect of non-uniform heat 

source/sink and a chemical reaction over a linear stretching surface has been investigated. The governing partial 

differential equations have been transformed into a system of coupled ordinary differential equations by applying an 

appropriate similarity transformation. The most applicable numerical method that is the fourth order Runge-Kutta method 

along with shooting technique has been used to solve the systems of coupled ordinary differential equations. The influence 

of various parameters associated with the system of the ordinary differential equations such as the velocity ratio parameter

λ , the magnetic field parameter, The Williamson parameter W, The chemical reaction parameterγ , the Pr and tl number 

Pr, the Schmidt number Sc, the Brownian motion parameter Nb, the thermophoresis parameter Nt, the space -dependent 

heat source/sink parameters A* and temperature dependent heat source/sink parameter B* are analyzed and graphically 

described. The skin friction Cf, the local Nusselt number Nu, the local Sherwood number Sh, were evaluated for different 

cases and investigated.  

KEYWORDS: Linear Stretching Surface, Stagnation Point Flow, Williamson Nan Fluid, Non Uniform Heat Source/Sink 

and Chemical Reaction 

NOMENCLATURE  

b Velocity of the stretching surface 
a Free Stream velocity 
T Temperature of the fluid in the boundary layer 
C Concentration of the fluid in the boundary layer 
Tw Stretching surface temperature 
Cw Stretching surface concentration 
T∞ Ambient fluid temperature 
C∞ Ambient fluid concentration 
u Velocity component along the x- axis 
v Velocity component along the y- axis 
uw Velocity component along the x- axis at the wall 
vw Velocity component along the y- axis at the wall 
υ  Kinematic viscosity 

τ  The effective heat capacity of the Nano particle to 
the heat capacity of the fluid 
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( )pcρ  Effective heat capacity of Nano particle material 

( ) fcρ  Effective heat capacity of the Fluid 

α  Thermal diffusivity 
DB Brownian diffusion coefficient 
DT Thermophoresis diffusion coefficient 

1k  Thermal conductivity 

W Williamson parameter 
γ  Chemical reaction parameter 
M  Magnetic field parameter 
Pr Prandtl number 
Nb Brownian motion parameter 
Nt Thermophoresis parameter 
A*  The space dependent heat source/sink Parameter 

B* The Temperature dependent heat source/sink 
Parameter 

Le Lewis number 

λ  Velocity ratio parameter 

Cfx Local skin friction 
Nux Nusselt number 
Shx Sherwood number 

 
1. INTRODUCTION 

Nanofluids are combinations of base fluids and nano sized (1-100 nm) particles (nanoparticles) dispersed within 

them. Examples of the base fluids are water; oil, glycol, polymeric solutions etc and the materials used for nanoparticles 

are like alumina, silica, diamond graphite, Alo3, Cuo, Ag, and Cu. The advantages of Nanofluids are, it provides a high 

specific surface area and hence more heat transfer surface between particles and fluids, Nanofluids are more stable with 

sufficient viscosity, Nanofluids enhance thermophysical properties such as thermal conductivity, thermal diffusivity 

viscosity and convective heat transfer coefficient as compared to the base fluids.  

The study of stagnation point flow of nanofluid over a linear stretching surface has many applications in 

technology and manufacturing industries. Some of them are saving power using nanofluid in closed loop cooling cycles, 

peristaltic pumps for diabetic treatments, in the extraction of Geothermal power nanofluids used to cool the pipes exposed 

to high temperature, solar collectors and nuclear applications, extrusion, melting spinning, the hot rolling; wire drawing, 

glass fiber production, manufacture of plastic and rubber sheets, cooling of a large metallic plate in bath, polymer sheets 

and filament are manufactured by continuous extrusion of the polymer from a die to a mind up roller etc.  

Kavitha et al [1] have studied the peristaltic transport of a Williamson fluid in a symmetric channel through 

porous medium under the assumption of long wavelength and low Reynolds number. Jayarami et al [2] has investigated the 

MHD peristaltic flow of a Williamson fluid in a planar channel with the effect of Wiessenberg and Hartmann numbers. 

Vasudev et al [3] have examined the interaction of heat transfer with peristaltic pumping of a Williamson fluid through a 

porous medium in a planar channel under the assumption of low Reynolds number and long wavelength. Vitdal et al [4] 

have reported that the MHD stagnation point flow and heat transfer of Williamson fluid over exponentially stretching sheet 

embedded in a thermally stratified medium. Shiva et al [5] have presented the peristaltic flow of Williamson fluid in a 

vertical symmetrical channel with heat transfer under induced magnetic field and examined the effect of each parameter 
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involved. Sreenivasulu and Chakradhar [6] have dealt with the peristaltic flow of Williamson fluid between two porous 

walls with suction and injection under the assumption of low Reynolds number and long wavelength. Kumaran et al [7] 

have shown that the influence of melting heat transfer in MHD radioactive Williamson fluid flow past an upper paraboloid 

of revolution with viscous dissipation. Vennkatarammanaiah et al [8] studied the effect of the nano particles on the MHD 

boundary layer flow over a stretching surface in the presence of heat generation or absorption with heat and mass fluxes. 

Hasmawani et al [9] have investigated flow and heat transfer analysis of Williamson viscous fluid at the stagnation point 

over a stretching surface with viscous dissipation and slip condition. Iffat et al [10] have examined Williamson fluid with 

pressure dependent viscosity and determined numerical solutions. Sharada and Shankar [11] have reported that the effect of 

partial slip and convective boundary condition on the MHD mixed convection flow of Williamson fluid over an 

exponentially stretching sheet in the presence of joule heating. Ananthakumar et al [12] have presented the influence of 

thermal radiation and chemical reaction on MHD Williamson fluid over an exponentially stretching sheet. Khalid and 

Ahmed [13] have dealt with the influence of inclined magnetic field on the peristaltic flow of an incompressible 

Williamson fluid in an inclined channel with heat and mass transfer. Nagaraja et al [14] have explored heat transfer of Non 

Newtonian Williamson fluid flow past a circular cylinder with suction and injection. Bilal et al [15] have studied MHD 

Stagnation point flow of Williamson fluid over stretching cylinder with variable thermal conductivity and homogeneous – 

heterogeneous reaction. Shakhaoath et al [16] have reported the influence of magnetic field, thermal radiation-diffusion, 

heat generation and viscous dissipation on MHD flow of Williamson fluid. Krishnamurthy et al [17] have investigated the 

effect of chemical reaction on MHD boundary layer flow and melting heat transfer of Williamson nanofluid in porous 

media. Monica et al [18] have explored the stagnation point flow of a Williamson fluid over a non-linear stretching sheet 

with thermal radiation. Malik et al [19] have dealt with the effect of homogeneous-heterogeneous reaction in the 

Williamson fluid model over a stretching cylinder. Nagendra et al [20] have presented the slip effect on MHD flow of 

Williamson fluid from an isothermal sphere. Nabil et al [21] have reported the two dimensional motion of non Newtonian 

Williamson nanofluid with heat and mass transfer though the porous medium over an exponentially stretching sheet. 

Najeeb et al [22] have presented boundary layer flow of Williamson fluid with chemically reactive species using scaling 

transformation and homotopy analysis method. Nitta and Timol [23] have examined the invariance analysis of Williamson 

model using the method of satisfaction of asymptotic boundary conditions. Nadeem et al [24] have investigated the flow of 

a Williamson fluid over a stretching sheet. Nadeem and Hussain [25] have explored the two dimensional flow of 

Williamson fluid over a stretching sheet under the effect of nanosized particles in  the fluid. Nadeem and Hussian [26] 

examined the effect of heat transfer on the Williamson fluid over a porous exponentially stretching the surface. Sreenadh et 

al [27] have reported the effect of slip and heat transfer on the peristaltic flow of a Williamson fluid in an inclined channel 

under long wavelength and low Reynolds number assumption. Subramanyam et al [28] have dealt with the fully developed 

free convection flow of a Willliamson fluid through a porous medium in a vertical channel under the effect of magnetic 

field. Sirinivas et al [29] have studied the MHD boundary layer flow with heat and mass transfer of Williamson nanofluid 

over a stretching sheet with variable thickness and variable thermal conductivity under radiation. Hayat et al [30] have 

investigated the combined effects of Newtonian and joule heating in two dimensional flow of Williamson fluid over the 

stretching surface. Taza et al [31] have explored the thin film flow passed over an inclined moving plate with the 

differentiable type Non Newtonian Williamson is considered as a base fluid in its unsteady state. 
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The diversified application of nanofluids in different technologies and manufacturing industries enforced a 

number of investigators to conduct their research on the stagnation point flow of nanofluid over a linear stretching surface. 

However to the best of the author’s knowledge the problem of stagnation point flow of MHD Williamson nanofluid due to 

non-uniform heat source/sink and chemical reaction over a linear stretching surface not yet explored.                         

Therefore, in the present paper, the stagnation point flow of MHD Williamson nanofluid due to non-uniform heat 

source/sink and chemical reaction over a linear stretching surface has been investigated and reported. 

2. MATHEMATICAL FORMULATION 

We considered the steady two dimensional laminar stagnation point flow of incompressible Williamson nanofluid 

due to a linear stretching sheet. Assume that the velocity of the stretching sheet to be bxxuw =)(  and the velocity of the 

free stream flow to be axxU =)( , where a, b are positive constants and x is the coordinate coinciding with the stretching 

sheet. The flow is conducted on the region 0y ≥ , where y is the coordinate measuring orthogonal to the stretching sheet. 

Let, wT , wC be the temperature and concentration at the stretching sheet while T∞ , ∞C to be the ambient temperature and 

concentration of the nanofluid. And considered that the base fluid and the nano particles are in thermal equilibrium and no 

slips occur between them. 

 

Figure 1: Physical Sketch of the Problem 

In addition to the above assumptions we use the Williamson model as it is indicated in [29] to express the 

governing equations for the conservation of mass, momentum, energy and concentration as follows: 
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'''q  is the space and the temperature dependent heat source/sink that is defined as in [7]  
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* *1''' [ (T T ) ' ( T )]w
w

k u
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             (5) 

The chemical reaction term k0 (C - C∞) as it is described in [16]. 

u and v are the x and y direction, velocity components, respectively, υ  are  the kinematic viscosity, α is the 

thermal diffusivity, τ is the effective heat capacity of nanoparticle to the heat capacity of the fluid, DB is the Brownian 

motion coefficient, DT is the thermophoresis diffusion coefficient, A* and B* are the parameters of the space and 

temperature dependent internal heat source/sink. If A*>0,B*>0, it represents heat is generated and A*<0,B*<0 it 

represents heat is absorbed . 

The corresponding boundary conditions are  
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The similarity transformation as it is indicated [24] is used to transform the partial differential equations to 

ordinary differential equations. 
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Applying (7) on (2), (3), (4) result in  
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The corresponding boundary conditions are  
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The primes are derivatives with respect to η , the velocity ratio parameter is 
b

a=λ ,the magnetic field parameter 

is 
2
0M

b

σβ= , the Williamson parameter is W=
υ
b

u
2Γ ,the prandtl number is Pr

υ
α

= , the Schmidt number is 
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BD
Le

υ= ,the Chemical reaction parameter is
b

k0=γ ,the Brownian motion parameter is
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It is known that Nb and Nt contains the x-coordinate and therefore it is must for us to search for the variability of 

the local similarity solution that allows us to investigate the behavior of these parameters at an affixed location above the 

sheet. The skin friction coefficient xCf , the local Nusselt number xNu and the local Sherwood number xSh are given by 
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Using the similarity transformation (7) on (10) we get 
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3. METHOD OF SOLUTION 

The method used in the present paper is the numerical fourth order Runge-Kutta method along with shooting 

technique. To solve the coupled ordinary differential equations (8) with their corresponding boundary conditions (9) the 

Runge-Kutta method with shooting technique is employed. The system of nonlinear higher order differential equations (8) 

is  changed into a system of first order differential equations in order to employ the method described. To transform the 

system of nonlinear higher order differential equations into a system of first order differential equations we apply the 

notations below. 

Let  
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Using equations (12) in equations (8) we have 
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The boundary conditions are 
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The main objective is to change the boundary value problem into the initial value problem therefore we evaluate 

the approximate values of ''(0) , '(0) '(0)f andθ φ  using the shooting technique first and then we apply the fourth order 

Runge-Kutta method to get,f andθ φ . We choose the step size to be 0.01h∆ =  with accuracy of
510−
.  

4. RESULTS AND DISCUSSIONS 

The contribution of the distinct parameters intricate in the coupled ordinary differential equations such as the 

velocity ratioλ ,the Williamson parameter W, the magnetic field parameter M, the prandtl number Pr, the Brownian 

motion parameter Nb, the thermophoresis parameter Nt, the space dependent and temperature dependent heat source/sink 

parameters respectively A* and B* and the Lewis number Le, the chemical reaction parameter γ  on the stagnation point 

flow of Williamson nano fluid over a linear stretching surface have been examined with the help of their graphs and 

tabulated values. 
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Table 1 Comparison Table of- )0('θ for Viscous Fluid with Different Values of Pr 

Pr Khan & Pop Nadeem & Hussian [25] Present Result 
0.2 0.169 0.169 0.16955 
0.7 0.454 0.454 0.454448 
2.0 0.911 0.911 0.911354 

 
The present results for the considered prand tl number in table1 above agree to three decimal places with the 

results of Nadeem & Hussian [25]. Therefore the present results have excellent agreement with the results of the literature.  

The velocity of the fluid and the boundary layer thickness escalated with the enlargement of the velocity ratio
 

b

c
λ = <1 (i.e. The velocity of the stretching surface is greater than the free stream velocity) as it is indicated in the first 

part of table 2. In the second part of table 2 below as the values of the Williamson parameter W enlarged from 0.01 to 0.03, 

the velocity of the fluid and the boundary layer thickness decreased. In the third part of table 2 the velocity and the 

boundary thickness diminished with the increment of the magnetic field parameter M due to the resistance force called 

Lorentz force. The Nusselt number increases as the prand tl number increase so that the thermal boundary layer thickness 

declines as it is shown in the fourth part of table 2. In the fifth, sixth, seventh and eight parts of table 2 enhancing Nb, Nt, 

A* and B* decreases the Nusselt number and thicken the thermal boundary layer because four of them contribute to the 

escalation of thermal energy of the nanofluid. In the 9th part of table 2, raising the chemical reaction parameter enhance the 

Sherwood number that depreciates the concentration boundary layer thickness. In the last part of table 2 the Nusselt 

number has diminished and the Sherwood number enlarges with the increase of Lewis number. As the Lewis number 

enlarges the molecular diffusivity becomes weaker and the concentration boundary layer thickness thinner. 

Table 2: The Values of - ''(0)f , '(0)θ− , '(0)φ− for the Different Values of the Parameters 

λ  W M Pr Nb Nt A* B* γ  Le - ''(0)f  '(0)θ−  '(0)φ−  

0.2 
0.001 0.01 1 0.01 0.01 0.01 0.01 0.1 3 

0.932233 0.591916 1.075194 
0.5 0.677630 0.658554 1.128082 
0.8 0.308031 0.720607 1.185958 

0.5 
0.01 

0.1 3 0.01 0.01 0.01 0.01 0.1 5 
0.774969 1.183592 1.257602 

0.03 0.753607 1.189672 1.265562 
0.04 0.700485 1.204276 1.280356 

0.1 0.05 
0.01 

3 0.01 0.01 0.01 0.01 0.1 5 
0.850345 1.170849 1.255014 

0.03 0.921151 1.150828 1.235778 
0.04 0.929073 1.149000 1.234564 

0.1 0.01 0.01 
1 

0.01 0.01 0.01 0.01 0.1 5 
0.989480 0.567277 1.526832 

3 0.989480 1.124988 1.205206 
4 0.989480 1.324128 1.072596 

0.1 0.01 0.01 1 
0.1 

0.01 0.01 0.01 0.1 5 
0.989480 0.528305 1.701694 

0.2 0.989480 0.487746 1.71129 
0.3 0.989480 0.449934 1.714419 

0.1 0.01 0.01 1 0.01 
0.1 

0.01 0.01 0.1 5 
0.989480 0.544944 0.057087 

0.2 0.989480 0.521397 1.550604 
0.3 0.989480 0.499110 2.792375 

0.1 0.01 0.01 1 0.01 0.01 
0.1 

0.01 0.1 5 
0.989480 0.475868 1.579580 

0.2 0.989480 0.374254 1.638222 
0.3 0.989480 0.272587 1.696901 

0.1 0.01 0.01 1 0.01 0.01 0.01 
0.1 

0.1 5 
0.989480 0.476698 1.581604 

0.2 0.989480 0.349585 1.654961 
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Table 2 Contd., 

λ  W M  Pr Nb Nt A*  B*  γ  Le - ''(0)f  '(0)θ−  '(0)φ−  

       0.3   0.989480 0.159735 1.757261 

0.1 0.01 0.01 1 0.01 0.01 0.01 0.01 
0.1 

5 
0.989480 0.567277 1.526832 

0.2 0.989480 0.567190 1.689784 
0.3 0.989480 0.567117 1.838297 

0.1 0.01 0.01 1 0.01 0.01 0.01 0.01 0.1 
3 0.989480 0.567795 1.059784 
6 0.989480 0.567123 1.721411 
9 0.989480 0.566832 2.217055 

 

 

Figure 2: The Effect of the Velocity Ratio Parameter λ on the Velocity 

 

Figure 3: The Influence of the Williamson Parameter W of Velocity 

 

Figure 4: The Role of the Magnetic Field Parameter M on Velocity 
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Figure 5: The Contribution of Pr on Temperature Profile 

 

Figure 6: The Influence of the Magnetic Field Parameter M on Temperature Profile 

 

Figure 7: The Effect of the Williamson Parameter W on Temperature Profile 

 

Figure 8: The Role of the Brownian Parameter NB on the Temperature Profile 
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Figure 9: The Contribution of the Thermophoresis Parameter NT on Temperature Profile 

 

Figure 10: The Effect of A* on the Temperature Profile 

 

Figure 11: The Influence of B* on Temperature Profile 

 

Figure 12: The Role of Le on the Concentration Profile 
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Figure 13: The Contribution of NB on the Concentration Profile 

 

Figure 14: The Influence of NT on Concentration Profile 

 

Figure 15: The Effect of A* on Concentration Profile 

 

Figure 16: The Role of B* on the Concentration Profile 
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Figure 17: The Contribution of the Chemical Reaction Parameter γ on the Concentration Profile 

For
b

a
λ =  <1 i.e. the velocity of the stretching surface is greater than the free stream velocity, the velocity of the 

fluid and the boundary layer thickness enlarged with the upgrade of λ . To the contrary the flow velocity increases and the 

boundary layer thickness diminish with the enlargement ofλ when the free stream velocity is larger than the velocity of the 

stretching surface (i.e. 
b

a
λ = >1). In the third case where the two velocities are equal, there is no boundary layer thickness 

of the nanofluid near the surface as it is revealed in Fig 2.Upgrading the Williamson parameter W declines the velocity as 

revealed in Fig3. Fig 4 elucidates that the influence of magnetic parameter on velocity. The velocity profile and the 

boundary layer thickness diminish with the upgrade of M. This is because of the Lorentz force that resists the motion of the 

fluid. The enhancement of the prand tl number reduces the thermal boundary layer thickness. It is due to the smaller the 

thermal diffusivity the larger the Pradntl number as it is affirmed in Fig 5. The enlargement of the magnetic field parameter 

M and the Williamson parameter W magnifies the thermal boundary layer thickness as shown in Figs 6 and 7.The 

escalation in Brownian motion parameter and in thermophoresis parameter upgrades the thermal boundary thickness as it is 

depicted in Fig 8 and 9. This is because of the fact that the Brownian motion enforce more particles to move and gain more 

kinetic energy and hence the temperature profile enlarged and the thermophoresis diffusion enforce the nanoparticles to 

move from hot to cold flow regions which enlarges the thermal boundary layer thickness. In Figs 10 and 11, it is revealed 

that the thermal boundary layer thickness increases with the enlargement of the space and temperature dependent non 

uniform heat source/sink parameters A* and B* which corresponds to the internal heat generation that raises the 

temperature profiles. As the Lewis number enlarges the molecular diffusivity depreciates and the concentration boundary 

layer thickness becomes thinner as it is illustrated in Fig 12 so that as Le upgrades the concentration boundary layer 

thickness diminishes.  

The concentration boundary layer thickness diminishes as the Brownian motion parameter escalated that is 

revealed in Figure 13, as Nb increases the Brownian motion enforces the nanoparticles transfers the surface heat to the 

fluid and the nanoparticles gain higher kinetic energy that contributes to the thermal energy of the fluid and causes the 

movement of the nanoparticles from hot to the cold region. However, the concentration boundary layer thickness increases 

with the increase of Nt as it is shown in Figure 14, increasing the thermophoresis diffusion creates fast movement of the 

nanoparticles from a region of high temperature to a region of low temperature. Figures 15 and 16 reveal that as the space -

dependent A* and the temperature dependent B* heat source/sink parameters enhance, the concentration boundary layer 

thickness drops. Because as the nanofluid temperature increase with the increase of A* and B* diffusion of the 
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nanoparticles takes place from high to low-temperature regions and hence the concentration boundary layer decrease. Fig 

17 shows that as the chemical reaction parameter escalated the concentration boundary layer thickness diminishes because 

of higher values of the chemical reaction parameter γ  amount to a fall in the chemical molecular diffusivity. 

3. CONCLUSIONS 

The influence of chemical reaction, non-uniform heat source/sink, the magnetic field parameter, the Williamson 

parameter and the other parameters involved in the differential equations on the MHD Stagnation point flow of a 

Williamson nanofluid over a linear stretching surface has been studied. Numerical solutions of the governing equations are 

obtained that permit the computation of the flow, heat and mass transfer behaviors for various values of the velocity ratio

λ , the Williamson parameter W, the magnetic field parameter M, the Prandtl number Pr, the Brownian motion parameter 

Nb, the thermophoresis parameter Nt, the non uniform heat source/sink space and temperature dependent parameters A* 

and B*, the chemical reaction parameter γ as well as the Lewis Number Le and we found that: 

• The velocity boundary layer thickness enhances with the upgrade of the velocity ratio parameter,λ but 

depreciates with the magnetic field parameter M and the Williamson parameter W. 

• The thermal boundary layer thickness diminishes with the enlargement of the Prandtl number  

• The thermal boundary layer thickness magnifies with the upgrade of, Brownian motion parameter Nb and 

thermophoresis parameter Nt, the space-dependent A*and temperature dependent B* non-uniform heat 

source/sink . 

• The escalation of the space dependent parameter (A*) and the Brownian motion parameter Nb declines the 

concentration boundary layer thickness. 

• The concentration boundary thickness magnifies with the escalation of the thermophoresis parameter Nt. 

• The concentration boundary thickness diminishes with the increase of the chemical reaction parameterγ  and the 

Lewis number.  
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